Anomalous isotope effect near a 2.5 Lifshitz transition in a multi-band 
multi-condensate superconductor made of a superlattice of stripes 
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The doping dependent isotope effect on the critical temperature (T c ) is calculated for multi-band 
multi-condensate superconductivity near a 2.5 Lifshitz transition. We focus on multi-band effects 
that arises in nano-structures and in density wave metals (like spin density wave or charge density 
wave) as a result of the band folding. We consider a superlattice of quantum stripes with finite hop- 
ping between stripes near a 2.5 Lifshitz transition for appearing of a new sub-band making a circular 
electron- like Fermi surface pocket. We describe a particular type of BEC (Bose-Einstein Conden- 
sate) to BCS (Bardeen-Cooper-Schrieffer condensate) crossover in multi-band / multi-condensate 
superconductivity at a metal-to-metal transition that is quite different from the standard BEC-BCS 
crossover at an insulator-to-metal transition. The electron wave-functions are obtained by solving 
the Schrodinger equation for a one-dimensional modulated potential barrier. The k-dependent and 
energy dependent superconducting gaps are calculated using the k-dependent anisotropic Bardeen- 
Cooper-Schrieffer (BCS) multi-gap equations solved joint with the density equation, according with 
the Leggett approach currently used now in ultracold fermionic gases. The results show that the 
isotope coefficient strongly deviates from the standard BCS value 0.5, when the chemical potential 
is tuned at the 2.5 Lifshitz transition for the metal-to-metal transition. The critical temperature 
T c shows a minimum due to the Fano antiresonance in the superconducting gaps and the isotope 
coefficient diverges at the point where a BEC coexists with a BCS condensate. On the contrary 
(T c ) reaches its maximum and the isotope coefficient vanishes at the crossover from a polaronic 
condensate to a BCS condensate in the new appearing sub-band. 

PACS numbers: 74.62.-c, 74.70.Ad, 74.78.Fk 
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INTRODUCTION 

Experiment. While for many years most of the mech- 
anisms proposed for high temperature superconductiv- 
ity have assumed a homogeneous lattice, recently new 
experimental results have shifted the theoretical re- 
search toward complex materials showing multi-band / 
multi-condensate superconductivity. Quantum oscilla- 
tions have recently revealed the presence of one small 
electron pocket in the Fermi surface of cuprate super- 
conductors related with the stripe phase [l|-l5|- It has 
also been proposed that the Fermi surface reconstruction 
in cuprates could arise from intrinsic effects in a doped 
Mott insulator These new results are leading the 

community to consider the new possibility of multi-band 
/ multi-condensate superconductivity in charge density 
wave metals. The fundamental theoretical problems in 
this new scenario are similar to the superconductivity 
in ultra-narrow materials where the multi-band super- 
conductivity is generated by quantum size effects due to 
the material lattice structure. Moreover the short range 
lattice structure in cuprates deviates from the simple av- 
erage structure in the region of the phase diagram of 
cuprates T c < T < T*, where deviations from a Fermi 
liquid metallic state are sizeable. Experimental fast and 



local structural methods, like Extended X-ray Absorp- 
tion Fine Structure (EXAFS) [T3. and X-ray Absorption 
Near Edge Structure (XANES) [15| , applied to cuprates 
HI, 12 1 have shown a short-range atomic lattice recon- 
struction in cuprates below T* with the appearance of an 
incommensurate modulation of local lattice distortions. 
This incommensurate lattice modulation of the CuOi 
plane 11911 is related with the lattice misfit strain between 
layers [20 . \21 1 . The strain field in cuprates is measured 
by the contraction of the Cu-0 bond distance from the 
equilibrium distance of 197 pm 22j detected by XAN ES 
and EXAFS. In fact, pseudo Jahn Teller polarons show 
a self organisation above a critical misfit strain 23l \24\. 



The ID lattice modulation of the superconducting planes 
has been proposed to induce a reconstruction of the 2D 
Fermi surface due to a periodic potential of ID poten- 
tial barriers in the superconducting planes in cuprates 
[28l [29l | and in pnictides (25|. Moreover, experimental 
evidences are accumulating for a 2.5 Lifshitz transition 
associated with a vanishing Fermi surface in the case of 
iron based superconductors 23-33j], diborides [26[ and 



electron doped cuprates [34 1 



Moreover the physics of cuprates is controlled by an es- 
sential structural inhomogeneity 35|, 3(| that recently has 



been proposed to be made of scale invariant networks of 
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FIG. 1. The doping dependent isotope coefficient a (filled 
squares) and the critical temperature (open circles) of 
La2-xM x CuOi (M=Sr in the lower panel, M=Ba in the up- 
per panel) as a function of hole doping 5 [44.l45|. The isotope 
coefficient for T c is measured by oxygen isotope substitution, 
by replacing le O with ls O and shows a pronounced maximum 
for both compounds near doping 1/8. 



superconducting grains [37 
recently observed by imagin, 
nano x-ray diffraction 18], 3 



|. This scenario has been 
lattice fluctuations using 
40l |. where each supercon- 
ducting grain of the network is tuned near the shape 
resonance in superconducting gaps 41 1 . 

The small Fermi surface pockets in YBa2CuC>6+j, 
[3, 0, |3] are characterised by a very low value of the Fermi 
energy, of the order of 35-40 meV. Remarkably, this very 
small Fermi energy Ep is of the order of the maximum 
value of the superconducting gap A measured at low tem- 
perature below T c (A/Ef ~ 1) by angle resolved photo- 
emission spectroscopy (ARPES) and scanning tunnelling 
microscopy (STM). 

The isotope coefficient a of the superconducting crit- 
ical temperature is close to 0.5 in conventional BCS su- 
perconductors [13] and independent on the shift of the 
chemical potential. This result depends on the assump- 
tion of a single Fermi surface where the Fermi level is 
far from the band edge and the pairing attractive mecha- 
nism is the electron-phonon Cooper pairing. The exper- 
iments clearly show that this is not the case in cuprate 
high-temperature superconductors, where the isotope co- 
efficient is dopi ng dep endent and nearly zero at optimum 
doping [H-ia [Hi-ill. This almost vanishing value of a 
has been considered a key evidence for an unconventional 
non-phononic pairing mechanism in high-temperature su- 
perconductors 5l|, [55| . Here we focus our interest on the 
available experimental isotope effect in La,2- x M x CuOi 
(M=Sr,Ba) [HtH HIS] since they show a single su- 
perconducting layer with the stripe phase at 1/8. On 



with complex organization of broken oxygen chains in 
the basal plane [53j. The isotope coefficient behavior in 
La 2 - x M x Cu04 (M=Sr,Ba) has a very particular dop- 
ing dependence in La 2 - x M x CuO i (M=Sr,Ba) [4314471 ] . 
as shown in Fig. 1. It exhibits a strong anomaly clearly 
shown near doping 1/8 in Fig. 1, where the isotope coef- 
ficient a peak reaches a value close or larger than 0.5. In 
these in Lai- x M x CuO± systems the stripe phase is well 
established to appear at 1/8 doping. The large isotope 
effect supports the involvement of the lattice dynamics in 
the pairing, but in a non trivial way. The problem is very 
complex since there are also effects of the isotope substi- 
tution on the electronic structure [5fj| and on the stripe 
phase [13] ■ The isotope coefficient a is expected to in- 
crease near the insulator-to-metal transition, where the 
polaron scenario is dominant at the insulator-to-metal 
transition [77] , but the sharp anomaly at a particular 
doping indicates that the isotope coefficient shows a dif- 
ferent anomaly related with the metallic stripe phase. It 
has also been shown that a increases The isotope effect 
has been discussed near a van Hove singularity in a sin- 
gle 2D band [57], [H^| and in the frame of multi-band or 
multi-gap superconductivity far from band edges 59|, 6(| , 
but there are missing theoretical efforts on the investiga- 
tion of the anomalous isotope coefficient in a multi-band 
superconductor near a 2.5 Lifshitz transition at a metal- 
to-metal transition. 

Theory. Multi-band multi-condensate superconductiv- 
ity 6(3- 63 1 is usually considered for two coupled BCS 
condensates where in the normal phase the Fermi energy 
is far from all band edges. The shape resonance in the 
superconducting gaps [6l| is a type of Fano resonance 
between different pairing channels that occurs in multi- 
band metals where the chemical potential is driven at a 
2.5 Lifshitz transition. The 2.5 Lifshitz transition in the 
proximity of a vanishing Fermi surface in a multi-band 
metal has been widely studied in the physics of Fermi sur- 
face topology in metals [64j-[67[ . The shape resonances in 
superconducting gaps have been shown to occur a sin- 
gle 2D ultra-thin metallic layer [68| and in a metallic 
stripe with ID sub-bands or mini-bands [HilzO]. In 3D 
multilayer materials 
tice of stripes 28l 
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22, 71, 72|, and in a super lat 
the superlattice reduces quantum 
fluctuations in low dimensions and the high T c coherent 
phase can be realised. The T c amplification is controlled 
by the Lifshitz energy parameter, measuring the energy 
difference between the chemical potential and the 2.5 Lif- 
shitz transition. The maximum T c is reached where the 
Lifshitz energy parameter is of the order of the energy 
cut-off for the pairing interaction 2(| 27, 61|. 

In this work, we propose a model of a superlattice of 
quantum stripes that grabs the physical scenario emerg- 
ing from the recent experiments discussed above. In fact, 
this model provides the appearing of a small electron 
pocket at the 2.5 Lifshitz transition as in cuprates. The 
the contrary Y123 is a more complex bilayer cuprate fraction of the superconducting condensate originated by 
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this small pocket has a quasi bosonic character and it is 
located in the crossover regime of the BCS-BEC (Bose- 
Einstcin Condensation) crossover, a phenomenon which 
is deeply studied in ultracold fermions 

Therefore, our model can reproduce the formation of 
a quasi-bosonic condensate in the phase space where the 
small pocket appears. This type of BCS-BEC crossover is 
a generic feature of multi-band / multi-condensate super- 
conductors when the chemical potential is tuned close to 
the bottom of one of the bands and the pairing is strong 
enough to open gaps of the order of the (small) Fermi 
energy. 

While the standard BCS-BEC crossover [zi [z3| has 
been studied in single band metals, the present model 
provides a new scenario where the BCS-BEC crossover 
occurs in a multi-gap superconductor. Here, a first BCS 
condensate with order parameter Ai in a large Fermi 
surface coexists with a second Bose-like condensate with 
order parameter A2 in a second small electron pocket. 
Pair fluctuations and their screening in the multi-gap and 
multi-band (or multi-patch) models have been discussed 
also in the context of the physics of cuprates 78, 79|. 

In our model the Joscphson-likc coupling between the 
two condensates is a contact non retarded interaction 
due to pair exchange mechanisms, that can be attrac- 
tive or repulsive. The intraband pairing is mediated by 
an effective attraction, having the momentum and en- 
ergy structure of the electron-phonon interaction in the 
BCS approximation. Note that in the case of electronic 
mechanisms, such as exchange of spin fluctuations (para- 
magnons), the repulsive interaction transforms in an at- 
tractive pairing thanks to the d-wave symmetry of the 
superconducting order parameter, because the charac- 
teristic (large) wave- vector of the paramagnon connects 
state on the Fermi surface with opposite sign of the or- 
der parameter. Therefore both phononic and electronic 
mechanisms can be included in the model by an effective 
attractive interaction. This work is aimed to show that 
our simple theoretical model can explain the doping de- 
pendent isotope coefficient in cuprates near 1/8 doping 
in the framework of the striped phase, where the Fermi 
level is tuned near the 2.5 Lifshitz transition. 



MODEL AND METHODS 

Our model is based on two well established experimen- 
tal facts for the physics near 1/8 doping in cuprates : 
i) a striped phase inducing Fermi surface reconstruction 
and 2) a 2.5 Lifshitz transition 0, i,Q. In the under- 
doped regime the cuprate superconductors show at dop- 
ing 1/16 a first insulator-to-metal phase transition from 
the doped insulating Mott phase to a correlated striped 
metal and at doping 1/8 a metal-to- metal Lifshitz transi- 
tion for the appearance or disappearance of a small elec- 
tron Fermi surface pocket coexisting with Fermi arcs. To 



investigate the response of the isotope effect at the Lif- 
shitz transition, we consider the simplest physical model 
that grabs the essential physics of the cuprate metallic 
phase in the doping range near 1/8 doping: a superlat- 
tice of metallic stripes separated by a potential barrier 
3 [H, [H, [H M, [EDl that makes a period potential 
in the 2D metallic layer, which provides the source for 
the Fermi surface reconstruction: 
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W(y)= J2 W b (y-nl p ), 
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where W b {y) = -V b for | y |< L/2 and W b (y) = for 
L/2 <\ y \< lp/2 where L is the width of the confining 
well and l p is the periodicity of the superlattice in the y 
direction. 

The confining potential of Eq.(l) generates a band 
structure organised in mini-bands. This model allows 
us to simulate the electronic structure of cuprates near 
the 2.5 Lifshitz transition for the appearing of a 2D FS. 
The Fermi surface in cuprates is simulated by tuning the 
Fermi level Ep below the bottom of the second super- 
lattice mini-band E2 where the superlattice FS (see Fig. 
2) is made of a single FS of ID character: the two open 
corrugated lines. The Fermi surface in cuprates is sim- 
ulated by tuning the Fermi level Ep above the bottom 
of the second superlattice mini-band Ei , where a second 
closed FS of 2D character appears beyond the first ID 
mini-band (see Fig. 2). This is determined by the quasi 
free electron model dispersion of the second mini-band 
E \°k = E i + E i k y) + k l/ 2m > where E(k v ) is the en- 
ergy dispersion in the y direction of the periodic potential 
W(y) of the superlattice (here and in the following the re- 
duced Planck constant is set to unity). The second closed 
Fermi surface changes its 2D topology into a ID topology 
with isoenergetic open corrugated lines in the x direction, 
above some energy threshold E2D-1D—E2 = £, where £ is 
the energy band dispersion in the y direction and E2D-1D 
is the energy where the topology of the FS changes from 
2D to ID. Therefore in our model we tune the Fermi level 
in the energy range E 2 < Ep < E 2 d-id- Multi-Gap su- 
perconductivity in the energy range E2—S, < Ep < E2+S, 
requires the theoretical approach we have recently pro- 
posed for diborides [26| and Fe-based [13] superconduc- 
tors, which is capable to go beyond the standard BCS 
approximations, which consist of a single band, a large 
Fermi surface, a high Fermi energy, and a constant den- 
sity of states (DOS) above and below Ep. 

We consider a ID periodic potential barrier of width B 
and wells of width L in the y direction with periodicity 
l p = L + B = 1.9nm to simulate the superstructure of Y- 
based and La-based cuprates and constant along the x di- 
rection. The potential barrier is fixed at V b = 1400meV. 
We note that small variations of l p and of other parame- 
ters of the potential do not influence the main results of 
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A ni fe around the Fermi surface in a range of energies 
equals to the energy cutoff, depending from the mini- 
band index n and the superlattice wave- vector k y . The 
self consistent equation for the ground state (T = 0) en- 
ergy gap A„ fe is: 



FIG. 2. The evolution of the Fermi surface (FS) in our model 
for the striped phase that simulates a 2.5 Lifshitz phase tran- 
sition (Pl) at doping 5 = Pl = 1/8 in cuprates where a new 
detached electron-like Fermi surface appears. The inset of the 
left panel FS shows the lattice structure of a superlattice of 
stripes with finite hopping probability between stripes. E c is 
the energy of the bottom of the second mini-band. The chem- 
ical potential is tuned from below (left panel 6 < Pl) to above 
(central panel 8 > Pl) where a new small 2D closed electron 
Fermi surface appears (red circle). The right panel shows the 
FS beyond the electronic topological transition (ETT) of the 
second band from a 2D FS to a corrugated ID FS at higher 
doping called 2D-1D ETT. 



this work. The strength of the potential barrier Vb is im- 
portant to determine the ID to 2D dimensional crossover 
observed in the phase diagram of cuprates: lower values 
of Vb will give a quasi-2D electronic system with no in- 
teresting stripe features, while larger values of V& will 
lead to a strong ID stripe physics, without the possibil- 
ity of formation of electron pockets in the Brillouin zone, 
and without the screening of order parameter fluctua- 
tions active in a dimensional crossover (pronounced ID 
anisotropy suppresses in general superconducting long- 
range order). The present choice of the periodic potential 
gives a band dispersion £ = 50meV. The band disper- 
sion £ is two times the electronic hopping integral t y in 
the direction y, that is much smaller that the hopping 
integrals t x in the x direction. Solving the Schrodinger 
equation for the ID periodic potential barrier of Eq.(l), 
we obtain the wave-functions of the electrons with a 
free electron band dispersion along the stripe direction 
and tight-binding mini-bands in the transverse direction. 
The eigenvalues are labelled by three quantum number 
E = e n .k x ,k y where n is the mini-band index, k x and k y 
are the components of the electron wave-vectors in the 
superlattice. The DOS as function of the energy shows 
a jump at E ec i ge = E% and a sharp peak at E^d-id- 
The superconducting phase occurs because of the pres- 
ence of an attractive intraband electron-electron effective 
interactions (1,1) and (2,2) in the first and second band 
respectively and the interband exchange-like interactions 
(1,2) and (2,1). The cutoff energies of the interactions 
are symmetrically fixed around the Fermi surface and the 
value of the effective coupling has been fixed at A = 1/3. 
In the BCS approximation, i.e., a separable interaction 
in wave-vector space, the gap parameter has the same 
energy cut off as the interaction. Therefore it has a value 
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where N is the total number of wave-vectors in the 
discrete summation, \i is the chemical potential, V£'£, is 
the effective pairing interaction 
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calculated taking into account the interference effects 
between the wave functions of the pairing electrons in 
the different mini-bands, where n and n' are the mini- 
band indexes, k y (k' y ) is the superlattice wave- vector and 
k x (k' x ) is the component of the wave- vector in the stripe 
direction of the initial (final) state in the pairing process, 
and 
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where Nq is the DOS at Ep for a free-electron 2D 
system, X n . n ' is the dimensionless coupling parameter, 
S = L x L y is the surface of the plane and ip n ,k y (y) are 
the eigenfunctions in the superlattice of quantum stripes. 
The gap equations have been solved iteratively. We ob- 
tain anisotropic gaps strongly dependent on the mini- 
band index and weakly dependent on the superlattice 
wave- vector k y . According with Leggett [76[ , the ground- 
state BCS wave function corresponds to an ensemble of 
overlapping Cooper pairs at weak coupling (BCS regime) 
and evolves to molecular (non-overlapping) pairs with 
bosonic character. The point is that the BCS equation 
for the gap has to be coupled to the equation that fixes 
the fermion density: with increasing coupling (or decreas- 
ing density), the chemical potential /i results strongly 
normalised with respect to the Fermi energy Ep of the 
non interacting system, and approaches minus half of the 
molecular binding energy of the corresponding two-body 
problem in the vacuum. Therefore in order to correctly 
describe the case of the chemical potential near a band 
edge, where all electrons in the new appearing band con- 
dense forming a bosonic-like gas in the second mini-band, 
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the chemical potential in the superconducting phase is 
normalised by the gaps opening at any chosen value of 
the charge density p: 
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and iVft is the number of the occupied mini-bands, L x 
and L y are the size of the considered surface and the in- 
crement in k y is taken as Sk y — 2ir/L y . We compute the 
critical temperature T c of the superconducting transition 
solving the linearised BCS equations 
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where the energy dispersion is measured with respect 
to the chemical potential. The iterations are stopped 
when a convergence factor of 10~ 6 has been reached, 
starting with a trial temperature T\ and finding the T c 
by the Newton tangent method to solve the implicit in- 
tegral equation for T c . The T c is evaluated as a function 
of the chemical potential in the proximity of the edge of 
the 2-nd mini-band. The tuning of the chemical potential 
is measured by the Lifshitz parameter z = (fi — is^/wo 
where E2 is the bottom of the second band and uiq is the 
energy cut-off for the pairing interaction. 



THE ISOTOPE COEFFICIENT 

The experimental 2.5 Lifshitz phase transition ob- 

n 1 — h 

served in the experiment reported by ref. [1H3J at doping 
6 = P L = 1/8 (reduced doping v = 166 - 2 = ) is 
simulated by tuning the Fermi level at Ep = E2, i.e., 
at z = 0, corresponding with the reduced doping range 
— 1 < v < +1. The gaps, the T c and the gap to T c ratios 
have been plotted as a function of the Lifshitz energy pa- 
rameter in the range — 1 < z < +1, as shown in Figure 3. 



FIG. 3. a) The superconducting gaps in the first and sec- 
ond mini-bands normalised to the maximum value of the gap 
in the second mini-band; b) the critical temperature T c nor- 
malised to its maximum value; c) and the gaps to T c ra- 
tios for the two gaps as a function of the Lifshitz parameter 
z = (fi — E2)/u)q compared with the standard BCS value of 
3.5. 



We obtain the minimum of T c where [i is tuned at z = 0, 
i.e., at the 2.5 Lifshitz transition for the appearance of a 
new detached electron Fermi surface that well reproduce 
the minimum at 1/8 in Fig. 1. The maximum of T c oc- 
curs where the topology of the FS of the 2-nd sub-band 
shows the 2D-^1D electronic topological transition. This 
result is assigned to the shape resonance in the two su- 
perconducting gaps controlled by the exchange-like pair- 
transfer (or Josephson-like) pairing that shows a mini- 
mum (maximum) of T c at the antiresonance at z = — 1 
(resonance at z = 1) due to the negative (positive) quan- 
tum interference effects typical of the shape resonances 
in the superconducting gaps. 

Our results well reproduce the increase of the criti- 
cal temperature T c going from 0.125 to 0.18 doping in 
cuprates. The isotope effect a = dlnT c /dlnM is calcu- 
lated with the assumption of an energy cutoff of the inter- 
action dependent from the isotopic mass as us oc M^ 1 / 2 . 
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In Fig. 4 we report the calculated isotopic coefficient a 
as a function of the chemical potential that strongly de- 
viates from the standard BCS value a = 0.5. We find 
the maximum of T c and the minimum of a at the shape 
resonance /i = E2D-ID, because the T c is weakly de- 
pendent by small variation of the energy cutoff. On the 
contrary by tuning the chemical potential at the 2.5 Lif- 
shitz transition for the appearance of the second circular 
Fermi surface, i.e., at the band edge of the second mini- 
band (i — E2, we find a large value of a 3> 0.5 and 
a drop of T c in agreement with the experimental data. 
The isotope coefficient has been calculated considering 
the cases where only one of the intraband pairing energies 
W11 oc M^ 1 / 2 or W22 oc M~ x / 2 and the interband pairing 
energy is isotope dependent or independent. The best 
agreement with the experimental data reported in Fig. 4 
is obtained for the case where both intraband pairing en- 
ergy wn oc M 1 / 2 and U22 oc M 1 / 2 are isotope dependent 
and the electronic interband energy is isotope indepen- 
dent. Note that at the Lifshitz phase transition at (z = 0) 
both a and the gap to T c ratios in both bands get ex- 
actly the conventional BCS values. This is the crossing 
point between the Bose-like regime where A2 is smaller 
than Ai but larger than fi — E2 (i.e., the Fermi surface 
in band 2 is destroyed by the gap opening) and the BCS- 
like regime where A2 is larger than Ai but smaller than 
H — E2 (i.e., the Fermi surface in band 2 is only partially 
smeared by the gap opening). 

DISCUSSIONS AND CONCLUSIONS 

Starting from the stripes scenario near I /8 for the elec- 
tronic structure of cuprate superconductors and the iden- 
tification of the 2.5 Lifshitz transition in the phase dia- 
gram of cuprates, we study the behaviour of the critical 
temperature T c and the isotope coefficient of the super- 
conducting phase transition as a function of the chemical 
potential near the 2.5 Lifshitz metal-to-metal transition, 
which is located at the band edge of a sub-band for a 
superlattice of quantum stripes. 

We obtain an interesting asymmetric feature of the 
chemical potential dependence of T c and a. This pe- 
culiar shapes of T c and a given by our numerical calcu- 
lations are well in agreement with the phenomenology of 
cuprate superconductors near doping 1/8. The energy 
cutoff loq of the effective pairing interaction considered 
in our model determines the width of the shape reso- 
nance in the superconducting gaps and the small value 
of the isotope coefficient in the flat region of its dop- 
ing dependence, well below the standard BCS value of 
a=0.5, where T c has a maximum in agreement with ex- 
periments. We find the maximum T c when the chemical 
potential is tuned near the 2D-1D electronic topological 
transition of the 2-nd sub-band (where the Lifshitz pa- 
rameter assumes the value z = I). The maximum value 
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FIG. 4. panel a: The experimental isotope coefficient a as a 
function of the reduced doping v = 16(5 — 2 for La2-xM x CuOi 
(M=Sr dots and M=Ba squares) compared with the theoreti- 
cal isotope coefficient a as a function of the Lifshitz parameter 
for the case of an isotope effect (IE) driven by intraband pair- 
ing in both bands u>u oc M 1/2 and CJ22 oc M 1/2 while the 
Josephson-like exchange-like pair transfer mechanism is iso- 
tope independent; panel b) theoretical isotope coefficient a 
as a function of the Lifshitz parameter for the case of an iso- 
tope effect (IE) only the intraband pairing energy in band 1 
cjii oc M 1//2 (filled dots) and for the case of an isotope effect 
(IE) only the intraband pairing energy in band 2 W22 oc M 1 ^ 2 
(empty triangles). 



of the isotope coefficient is reached at the 2.5 Lifshitz 
transition, in the range of the Fano antiresonance where 
T c is strongly suppressed. Interestingly, the ratios be- 
tween the gaps and T c in different sub-bands cross the 
conventional BCS ratio values (=3.5) at the 2.5 Lifshitz 
transition, while sizable deviations from the conventional 
value are obtained in our calculations above this transi- 
tion, in the range I < z < 2 accessible to experiments. 

Therefore, we have provided a simple model that repro- 
duces the enhancing of the isotope coefficient well above 
the conventional BCS value and explains the rapid dop- 
ing dependence of the isotope coefficient a observed in 
the Lo2- x M x Cu0 4 (La214) and YBa 2 Cu 3 0e+y (Y123) 
systems near doping 1/8. The present results have an 
impact on the ph ysic s of superconductivity in nano-sized 
superconductors [5ll IHH , l70j | , where the shape resonance 
in superconducting gaps is gaining momentum as a key 
ingredient for the road map for new high-T c supercon- 
ductors. Moreover, shape resonances and quantum size 
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effects have been also considered in the context of super- 
conductivity in nanofilms |80| and superfluidity in cigar- 
shaped ultracold Fermi gases [81| as a possible new driv- 
ing mechanism to tune an atypical BCS-BEC crossover 
in multi-band fcrmionic systems, with the appearance 
of a coherent mixture of BCS-like and BEC-like con- 
densate. Finally, we have shown that the anomalous 
maximum of the isotope effect and its peculiar doping 
dependence in the doping range 1/8, shown in Fig. 1 
in La214 families, could have its origin in a 2.5 Lifshitz 
transition for a metal-to-metal transition in a multi-band 
multi-condensate superconductor, for the appearing or 
disappearing of small electron-like Fermi surface pocket. 
Therefore, the experimental investigation of the complex 
doping dependent isotope coefficient a in the 1/8 doping 
range in other cuprate and pnictides families of super- 
conductors could provide a signature for the role of the 
2.5 Lifshitz transitions in the superconducting phase, in 
agreement with a large Nernst effect measured in the nor- 
mal phase 65, 6rjj |. 
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